We show that mutual entrainment in interacting oscillators can be characterized using phase models that are developed from direct experiments with a single oscillator. The models are used to predict orderdisorder transitions in populations and the dependence of order on system parameters; the description is verified in independent experiments in sets of chemical oscillators. The experiment-based model properly describes in-phase and antiphase mutual entrainment with positive and negative interactions in small sets as well as dynamical clustering in populations of oscillators. DOI: 10.1103/PhysRevLett.94.248301 PACS numbers: 82.40.Np, 05.45.Xt The characterization of synchronization of oscillators, of importance in various physical [1], chemical [2] , and biological [3] systems, can be a difficult and challenging task. Complexity arises at hierarchal levels; changes in parameters have effects on the characteristics of single oscillators and consequently alter collective behavior in nontrivial ways. A standard approach of system description, the development of a model of the individual units and their means of interaction, requires detailed knowledge of kinetic and transport processes. A complementary approach is the use of a phase model [3, 4] in which each oscillator is represented by a single variable, its phase. A central element of such models is an interaction function that characterizes the extent of phase advance or delay as a result of interaction between two oscillators [4, 5] . Theoretical studies and numerical simulations have shown that phase models can capture the important synchronization properties of populations with weak interactions [3,4,6 -12].
The characterization of synchronization of oscillators, of importance in various physical [1] , chemical [2] , and biological [3] systems, can be a difficult and challenging task. Complexity arises at hierarchal levels; changes in parameters have effects on the characteristics of single oscillators and consequently alter collective behavior in nontrivial ways. A standard approach of system description, the development of a model of the individual units and their means of interaction, requires detailed knowledge of kinetic and transport processes. A complementary approach is the use of a phase model [3, 4] in which each oscillator is represented by a single variable, its phase. A central element of such models is an interaction function that characterizes the extent of phase advance or delay as a result of interaction between two oscillators [4, 5] . Theoretical studies and numerical simulations have shown that phase models can capture the important synchronization properties of populations with weak interactions [3,4,6 -12] .
In this Letter, we demonstrate the power of phase models, obtained solely from direct experiments on a single oscillator, in predicting the dependence of synchronization characteristics such as order-disorder transitions on system parameters in small sets and large populations of interacting oscillators. The interaction functions are obtained from experimental phase response curves. We investigate the parametric dependence of mutual entrainment using an electrochemical reaction system, the electrodissolution of nickel in sulfuric acid.
The experiments were carried out in a standard three electrode electrochemical cell containing 3 mol=dm 3 sulfuric acid at 11 C with a 1 mm diameter Ni working, a Hg=Hg 2 SO 4 =K 2 SO 4 reference, and a Pt counter electrode [13] . The Ni electrode, connected to the potentiostat through a series resistor R 652 , was held at constant circuit potential V. Current it was measured at 250 Hz. Sets of two or 64 Ni electrodes were connected to the potentiostat through one series (collective) resistor, R s , and through two (or 64) parallel resistors, R p . The interaction strength K NR s =R p was controlled through the external resistors by keeping the equivalent (individual) resistance R eq R p NR s 652 constant. (N is the number of electrodes.)
Consider first a single oscillator. Two major characteristic waveforms of periodic oscillations are the smooth and relaxation types. In nickel electrodissolution both types can be seen. At low circuit potentials [ Fig. 1(a) ] the waveform is smooth (nearly sinusoidal with constant angular Fig. 1(c) ] the oscillations have a relaxation character in which a fast linear deactivation is followed by a (initially slow) nearly exponential increase. The circuit potential thus can be used to tune the relaxation character of the oscillations in this chemical reaction system. The response function Z [4, 7] shows the phase advance per unit perturbation as a function of the phase of the oscillator. The response function is proportional to the phase response curve widely used in circadian rhythms [5] to interpret external entrainment. As expected for a simple smooth oscillator, the phase response curve in Fig. 1 (b) has a nearly sinusoidal shape. For the relaxation oscillator the phase response curve [ Fig. 1(d) ] is more asymmetric; in the linear deactivation region the system is quite unresponsive (with smaller values of phase advance or delay); the system is more responsive in the beginning of the excitatory state.
We obtain an experimental interaction function from the response function for use in the phase model description:
where i and ! i are the phase and frequency, respectively, of the ith oscillator and H is the interaction function that depends on the phase difference j ÿ i between two oscillators. Equation (1) shows that the phase of an oscillatory system increases at a rate equal to its inherent frequency slightly modified by slowing down or speeding up due to interactions with the other elements. The interaction function can be calculated from the phase response curve obtained with the variable through which the oscillators are coupled [4, 7] ; here the electrode potential
where e j and e i are the waveforms of oscillators i and j (here they are assumed to be identical), and K is the interaction strength of linear difference coupling. The interaction function at various phase differences is shown in the left panel of Fig. 2(a) for the smooth oscillator; the shape consists of 1 ÿ cos and sin components characteristic of those found for an oscillator close to a supercritical Hopf bifurcation [4] . The values of H are zero at 0 and 2 as a result of the diffusive nature of the coupling. For most of the phase difference, H is positive implying [from Eq. (1)] that the oscillators have a tendency to speed up as a result of the coupling. An important quantity for synchronization, the odd (antisymmetric) part of the interaction function H ÿ H ÿ Hÿ=2, is shown in the right panel of Fig. 2(a) . In a set of two coupled oscillators mutual entrainment occurs at phase difference given by !=2 H ÿ , where ! ! 2 ÿ ! 1 is the frequency difference of the oscillators. Mutual entrainment of two identical oscillators with the interaction function of Fig. 2 (a) will occur at 0 and . Only the first of these is stable; a positive slope of the odd part of the interaction function at implies stable and a negative slope unstable entrainment [2, 6] . Therefore, a set of two oscillators with the interaction function shown in Fig. 2(a) will be mutually entrained in an in-phase configuration (with a phase difference close to zero).
The interaction function for the relaxation oscillator [ Fig. 1(c) ] seen at a higher potential is shown in Fig. 2(c) . Compared to the smooth case [ Fig. 2(a) 
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248301-2 ponents. The change of the sign of the slope of the function at zero intersections implies that stable mutual entrainment would occur in an antiphase configuration at a phase difference . This counterintuitive phenomenon, relevant in neuron dynamics [14] , is called dephasing [10] . The transition from smooth H ÿ sin to relaxation oscillations as the circuit potential is changed takes place with the addition of strong higher harmonic components. The odd part of the interaction function of a weakly relaxational oscillator [at a circuit potential between those of the smooth and the relaxational regions, Fig. 2(b) ] is approximately H ÿ sin2. Both inphase ( 0) and antiphase ( ) mutual entrainment states are stable; the attained state will depend on initial conditions. The interaction functions shown in Fig. 2 were calculated with positive (excitatory) coupling. With negative (inhibitory) coupling there is a stability switch of the entrained states; smooth oscillators prefer antiphase and relaxation oscillators in-phase entrainment. The in-and antiphase synchronization of relaxation oscillators due to inhibitory and excitatory interactions has been a wellstudied paradox of neuroscience; it has been suggested that a phase model description can be a useful tool for interpreting the synchronization [15] [16] [17] .
The experimentally determined interaction functions can also be used to predict synchronization [4, 5, 11, 12] and clustering [2, 8, 9, 18] in populations of identical and nonidentical oscillators. (Clusters are groups of synchronized oscillators.) The stability of the balanced clusters obtained from the interaction function [2, 9] as a function of the circuit potential is summarized in Fig. 2(d) (calculated with positive coupling). At lower circuit potentials where the individual oscillation is smooth only the one-cluster (fully synchronized) state is stable ( max is negative). As the potential increases the interaction function changes and the one-cluster state becomes unstable for V 1:275 V. The two-cluster state, stable for V 1:215 V, is the typical behavior of a relaxation oscillator. For 1:215 V V 1:265 V, which lies between the smooth and highly relaxational regions, a bistability is predicted where both oneand two-cluster states are possible ( max < 0). (At higher potentials stable three and four clusters are predicted due to the strong higher harmonic components of the interaction function.)
The above predictions on mutual entrainment, using a phase model obtained from experiments with a single oscillator, are now tested in experiments with two and 64 globally coupled oscillators. Without added coupling the oscillators are not synchronized and each has its own freerunning period. Positive coupling of two smooth oscillators results in in-phase entrainment [ Fig. 3(a) ] and negative coupling yields nearly antiphase entrainment [ Fig. 3(b) ]; on the other hand, highly relaxation oscillators produce antiphase [ Fig. 3(c) ] and in-phase oscillations [ Fig. 3(d) ] with positive and negative coupling, respectively. Of particular note is the nearly identical synchronization that is seen with the negative coupling. The effect of the negative coupling is to increase differences in the potentials of the coupled oscillators; nevertheless, the oscillators synchronize at almost zero phase difference as correctly predicted by the phase model. In the study of the population of 64 chemical oscillators, smooth oscillators synchronize in a single cluster and relaxational oscillators in a two-cluster state [13] . Experiments in a parameter region (V 1:265 V) between these states, in which bistability is predicted, are shown in Fig. 3(e) . A perturbation of the stable one-cluster state [left panel of Fig. 3(e) ] yields a stable two-cluster state [right panel of Fig. 3(e) cluster was obtained at higher potential.) All the synchronization behavior seen in the experiments with both two and 64 oscillators are in agreement with the predictions of the interaction functions obtained from experiments on a single oscillator. The interaction function is not constructed from ordinary differential equations (ODEs) describing material and charge balances but rather is obtained directly from the experimental phase response curves. For the chemical reaction system being treated here, however, there does exist a two-variable ordinary differential equation model [19] that captures the main dynamical features of the system and which can be used as a comparison of the phase model approach to the traditional approach using ODE models to characterize synchronization. Interaction functions obtained from the ODE model [20] for three representative potentials are shown in Fig. 4 . As in the experimentally determined interaction functions shown in Fig. 2 , the interaction function has predominantly positive values; with an increase of relaxation character the odd part changes from a nearly sine wave [smooth, Fig. 4(a) ] through a sin2 [moderately relaxational, Fig. 4(b) ] to an inverted sine wave with higher harmonics [strongly relaxational, Fig. 4(c) ]. The ODE model captures the qualitative features of the synchronization during the transition from smooth to relaxation oscillators. Even in this relatively well-understood system, however, the phase model is superior in two respects in that not only does it not require detailed information on reaction kinetics and transport properties, but it also reproduces the transitions quantitatively. Therefore, the phase model approach can have application in systems in which a quantitative description is required but where kinetic information is difficult to obtain. Our findings show that phase models, derived with the assumption of weak coupling, hold in physically important ranges of interaction strengths that lead to mutual entrainment.
The method demonstrated here has application to various fields. In neural systems experiment-based phase models could help determine the importance of intrinsic cell properties on synchronization leading to essential or pathological rhythmic behavior [15, 16] .
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